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$\lambda$ $\lambda’$ $\uparrow$] $zl_{n}$
$\lambda$ $\ell(\lambda)\leq n$ $\lambda$
$\lambda=\Lambda_{i_{1^{+}}}\cdots+\Lambda_{i_{p}}$




1124 2000 13-31 13
Example 1.1. $\lambda=(4,3,2,2)$ $\ell(\lambda)=4,$ $|\lambda|=11,$ $\lambda’=(4,4,2,1)$ .
$\lambda$ $z\mathrm{t}_{n}(n>4)$ $\lambda=\Lambda_{1}+\Lambda_{2}+2\Lambda_{4}$ .
$\ell(\lambda)\leq n$ $\lambda$ $z\text{ _{}n}$
$\lambda=(l)$ $V_{(}\text{ }$ $\ovalbox{\tt\small REJECT}\mathrm{h}l$
$\lambda=(1^{l})(l\leq n)$ $V_{(1^{\mathrm{z}})}$ lh 1
$(\lambda_{1}, \cdots, \lambda_{n})$ $(\lambda_{1}+l, \cdots , \lambda_{n}+l)$
1.2
$K_{\lambda\mu}$ $\epsilon \mathrm{t}_{n}$ 3
3 – $\lambda,$ $\mu$ $|\lambda|=|\mu|$
$\ell(\lambda)\leq n,$ $\mu=(\mu_{1}, \cdots, \mu_{m})$
I
$K_{\lambda\mu}=\dim(V_{\lambda})_{\mu}$
$V_{\mu}$ $z(_{n}$ $V$ $\mu$
II ( )
$K_{\lambda\mu}=[V_{(\mu_{\text{ }}}$ ) $\otimes\cdots\otimes V(\mu_{m})$ : Ll
$[W:V_{\lambda}]$ $W$ $V_{\lambda}$
III ( )
$K_{\lambda’\mu}=[V_{(1^{\mu 1})}\otimes\cdots\otimes V_{(}1\mu_{m}$) : hl
– $\lambda’$
1.3 $q$
$K_{\lambda\mu}(q)$ $K_{\lambda\mu}$ $q$ ( $K_{\lambda\mu}(1)=$













Remark 12 Lascoux Schitzenberger
$K_{\lambda\mu}(q)= \sum q^{c(\tau)}T$
$T$ (shape) $\lambda$ $\mu$ $c(T)$
$T$ (charge) $[LS, N\mathrm{Y}]$




[LLT] $B_{\lambda}$ $\lambda$ $U_{q}(\mathcal{B}l)n$
$B_{\lambda}$ $\lambda_{\text{ }}$ 1 $n$












$T$ : shape $\lambda,$ $\mathrm{w}\mathrm{f}\mu$












$K_{\lambda\mu}J(q^{-1})=. \sum_{(p\in\otimes B1\mu m)}q^{E(}B_{(1^{\mu 1})^{\otimes}}\cdots P)$
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$P$ $\tilde{e}_{i}p=$
$0(i=1,2, \cdots, n-1),$ $wip=\lambda$ $B_{(l)}$ , B(l $U_{q}(z\text{ _{}n})$
$l$ ( ) $E(p)$ $P$
$H$
$B_{(\iota)},$ $B_{()}1^{\iota}$ ( $\tilde{e}_{0}$ )
$H$ $\tilde{e}_{0}$ (
\S 3.1 )
$\mu=(l^{L})$ $Larrow\infty$ $K_{\lambda\mu}(q)$ $\epsilon 1_{n}/5[_{n}\wedge$
$\lambda^{(1)}=(\lambda_{1}^{(1)}, \cdots, \lambda_{l}^{(1)}),$ $\lambda(2)=$
$(\lambda_{1}^{(2)}, \cdots, \lambda_{\iota^{2)}}^{(})$ $\lambda^{(1)}+\lambda^{(2)}=(\lambda_{1}^{(1)}+\lambda_{1}^{(2)}, \cdots, \lambda_{l}^{(1)}+\lambda_{\iota^{2)}}^{(})$
$z\text{ _{}n}$ $V$
$\mathcal{H}(V, \lambda):=\{v\in V|e_{i}v=0(i=1, \cdots, n-1), wtv=\lambda\}$




$k= \frac{lL-|\lambda|}{n}(\in \mathbb{Z}_{>0})$ $V(l\Lambda_{0})$




$B=B_{(l)}$ $B$ ( $l$Ao) Ao $U_{q}(g(_{n})\wedge$
$B(l\Lambda i)\simeq B(l\Lambda_{i}-1)\otimes B$ ( $i$ $\mathrm{m}\mathrm{o}\mathrm{d} n$ )
$L\equiv 0(n)$
$B^{\otimes L}$
$arrow\neq$ $B(l\Lambda_{0})\otimes B.\otimes L$ $\simeq B(\Lambda_{0})$
$b_{1}\otimes\cdots\otimes b_{L}$ $\vdasharrow$ $u_{l\Lambda 0^{\otimes b_{1^{\otimes\cdots\otimes}}b}}L$




























$\lim_{Larrow\infty L\equiv 0(n)}Kkn+\lambda,l^{2L}l^{L}(()(1)+(2)q)=\mathrm{t}\mathrm{r}_{\mathcal{H}(V(l}1\Lambda_{0})\otimes V(l_{2}\Lambda 0),\lambda)q-d$
$\mu=(\iota_{1}^{2L})+(\iota_{2}^{L})$ $B_{(2)^{\otimes}}^{\otimes L}B^{\otimes L}l_{1}+l(\iota_{1})$
$B_{()}l_{1}+^{\iota}2\otimes B_{(l_{1})}\simeq B_{(l_{1})}\otimes B_{()}\iota \mathrm{x}+l2$ $B=B_{(\iota_{1}+}l2$ ) $\otimes$
$B_{(l_{1})}$
$B^{\otimes L}$ $B^{\otimes L}$ $B(l_{1}\Lambda_{0})\otimes B(l_{2}\Lambda 0)$
$E(p)$ $-d$
$B$
(\S 2.3) $B$ $B$
$P(p, B)$ $(\S 3.2)_{\text{ }}$
$\prime p(p, B)$ $B(l_{1}\Lambda_{0})\otimes B(l2\Lambda 0)$











affine Lie algebra $\text{ }I$ $\mathfrak{g}$ Dynkin diagram index
$\alpha_{i},$ $h_{i},$ $\Lambda_{i}(i\in I)$ $\mathfrak{g}$ simple root, simple coroot, fundamental weight
$\delta=\sum_{i\in I}ai\alpha_{i}$ null root. $c= \sum_{i\in I}a_{i}^{\mathrm{v}}h_{i}$ central element
$a_{i},$
$a_{i}^{\mathrm{v}_{\in \mathbb{Z}_{>}}}0$ Kac label, dual Kac label [Kac] $a_{0}=1$
$P=\oplus_{i\in I}\mathbb{Z}\Lambda i\oplus \mathbb{Z}\delta$ weight lattice $P^{+}= \sum_{i\in}I\mathbb{Z}_{\geq 0}\Lambda i\oplus \mathbb{Z}\delta$
$U_{q}(\mathfrak{g})$ quantized universal enveloping algebra
$U_{q}(\mathfrak{g})$ $\{e_{i}, f_{i}(i\in I), q^{h}(h\in P^{*})\}$ Hopf algebra
[KMNI] Section 2.1 classical weight lattice $P_{cl}$
$P_{C\iota=P}/\mathbb{Z}\delta$ $\{e_{i}, f_{i}(i\in I), q^{h}(h\in(P_{cl})*)\}$ $U_{q}(\mathfrak{g})$
, go) $\text{ }\mathrm{N}$ ]$\text{ }\mathrm{c}\text{ _{ } _{ }}$ $\bigoplus_{\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}}i\in \mathbb{Z}3.1$
$P_{cl}$ 3
$P_{cl}^{0}$ $=$ $\{\lambda\in P_{d}|\langle\lambda, c\rangle=0\}$ ,
$P_{cl}^{+}$ $=$ $\{\lambda\in P_{cl}|\langle\lambda, h_{i}\rangle\geq 0, \forall i\in I\}$,
$(P_{cl}^{+})_{l}$ $=$ $\{\lambda\in P_{C\mathrm{t}}+|\langle\lambda, c\rangle=.l\}_{0}$
$\lambda,$ $\mu\in$ $\lambda\geq\mu$ $\lambda-\mu\in P_{C^{+}}l$
19
2.2 Crystal crystal base




$f_{i}^{\sim}$ : $B$ $\{0\}arrow B$ $\{0\},$ $(i\in I)$
$\bullet\tilde{e}_{i}0=\tilde{f_{i}}0=00$
$\bullet$ $b,$ $i$ $\tilde{e}_{i}^{n}b=\tilde{f_{i}}nb=0$ $n>0$
$\bullet$ $b,$ $b’\in B,$ $i\in I$ $\tilde{f_{i}}b=b’$ $b=\tilde{e}_{i}b’$
$B$ $b$
$\epsilon_{i}(b)=\max\{n\in \mathbb{Z}_{\geq 0}|\tilde{e}_{i}^{n}b\neq 0\}$ , $\varphi_{i}(b)=\max\{n\in \mathbb{Z}_{\geq 0}|\tilde{f_{i}}^{n}b\neq 0\}$
weight lattice $P$ $P$-weighted crystal
$I$
$\mathfrak{g}$ Dynkin diagram index P-weighted
crystal weight $B=\mathrm{u}_{\lambda\in P\lambda}B$ crystal $B$
$\tilde{e}_{i}B_{\lambda}\subset B_{\lambda+\alpha_{i}}\mathrm{u}\{0\}$ , $\tilde{f_{i}}B_{\lambda}\subset B_{\lambda-\alpha_{i}}\mathrm{u}\{0\}$ , (1)
$\langle h_{i}, wtb\rangle=\varphi i(b)-\epsilon_{i}(b)$ , (2)




(2) $\varphi(b)-\mathcal{E}(b)=wtb$ $P_{cl}$-weighted crystal,
$P_{C\iota^{- \mathrm{w}\mathrm{e}}}^{0}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{t}\mathrm{e}\mathrm{d}$ crystal
2 weighted crystal $B_{1},$ $B_{2}$ $B_{1}\otimes B_{2}$
weighted crystal
$B_{1}\otimes B_{2}=\{b_{1}\otimes b_{2}|b_{1}\in B_{1}, b_{2}\in B_{2}\}$
$\tilde{e}_{i}$
$\tilde{e}_{i}(b_{1^{\otimes}}b_{2})$ $=$ $\{$
$\tilde{e}_{i}b_{1}\otimes b_{2}$ if $\varphi_{i}(b_{1})\geq\epsilon_{i}(b_{2})$
$b_{1}\otimes\tilde{e}_{i}b_{2}$ if $\varphi_{i}(b_{1})<\epsilon_{i}(b_{2})$ , (3)
$\tilde{f_{i}}(b_{1}\otimes b_{2})$ $=$ $\{$
$\tilde{f_{i}}b_{1}\otimes b_{2}$ if $\varphi_{i}(b_{1})>\epsilon_{i}(b_{2})$
$b_{1}\otimes\tilde{f_{i}}b_{2}$ if $\varphi_{i}(b_{1})\leq\epsilon_{i}(b_{2})$ ,
(4)
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$\mathrm{O}\otimes b$ $b\otimes \mathrm{O}$ $0$ $\tilde{e}_{i}$ , $\tilde{f_{i}}$
$\epsilon_{i},$ $\varphi_{i},$ $wt$
$\epsilon_{i}(b_{1}\otimes b_{2})$ $= \max(\epsilon_{i}(b1), \mathcal{E}i(b_{1})+\epsilon_{i}(b_{2})-\varphi_{i}(b_{1}))$ , (5)
$\varphi_{i}(b_{1}\otimes b_{2})$ $=$ $\max(\varphi_{i}(b_{2}), \varphi i(b_{1})+\varphi_{i}(b_{2})-\epsilon_{i}(b2))$ , (6)
$wt(b_{1}\otimes b_{2})$ $=$ $wtb_{1}+wtb_{2}$ , (7)
2.3 Category $C^{fin}$
$P_{cl}^{0}$-weighted crystal $B$ $B$ level
le$\mathrm{v}B=\min\{\langle c, \mathcal{E}(b)\rangle|b\in B\}\in \mathbb{Z}_{\geq 0}$
$b\in B$ $\langle c, \epsilon(b)\rangle=\langle c, \varphi(b)\rangle$
$B_{\min}=\{b\in B|\langle_{C}, \in(b)\rangle=l\mathrm{e}\mathrm{V}B\}$ $B_{\min}$ minimal
Definition 2.1. 3 crystal $B$ category $C^{fin}(\mathfrak{g})$
( $C^{fin}$)
(1) $B$ $U_{q}’(9)-modu\iota_{e}$ crystal base $\circ$
(2) $B$ simple [$lAK\mathit{1}$ Definition 1.7]
$(\mathit{3},)$ $\langle c, \lambda\rangle\geq le\mathrm{v}B$ $\lambda\in P_{d}^{+}$ $\epsilon(b)\leq\lambda$
$b\in B$ $\varphi$




Remark 22. (i) (1) $B$ regukr $P_{cl^{-}}^{0}$
weighted crystal
(ii) $l=l_{6V}B$ (3) $\epsilon,$ $\varphi$ : $B_{\min}arrow(P_{d}^{+})_{l}$
perfect crystal
(iii) (1) (2) (3)
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$B_{1}$ $B_{2}$ finite crystal o Definition 2.1 (1) universal R-matrix
$B_{1}\otimes B_{2}\simeq B_{2}\otimes B1$ (8)
lemma
Lemma 2.3. $B_{1},$ $B_{2}$ finite crystal
(1) le$\mathrm{v}(B_{1}\otimes B_{2})=\max(levB1, l6vB2)$ .
(2) $levB_{1}\geq le\mathrm{v}B_{2}$ $(B_{1}\otimes B_{2})_{\min}=\{b_{1}\otimes b_{2}|b_{1}\in(B_{1})_{\min}$ ,
$\varphi_{i}(b_{1})\geq\epsilon_{i}(b_{2})(\forall i)\}$ .
(3) $le\iota\prime B_{1}\leq \mathit{1}eVB_{2}$ $(B_{1}\otimes B_{2})_{\min}=\{b_{1}\otimes b_{2}|b_{2}\in(B_{2})_{\min}$ ,
$\varphi_{i}(b_{1})\leq\epsilon_{i}(b_{2})(\forall i)\}$
$C^{fin}(\mathfrak{g})$ tensor category
Proposition 2.4. $B_{1}$ $B_{2}$ $C^{fin}(\mathfrak{g})$ $B_{1}\otimes B_{2}$
$C^{fin}(\mathfrak{g})$
Proof. $B_{1}\otimes B_{2}$ Definition 2.1 (1) $-(3)$
(1) (2) [AK] Lemma 1.10 (3) $\epsilon$
$l_{1}=levB_{1},$ $l_{2}=\mathit{1}\mathrm{e}\mathrm{v}B_{2}$ (8) $l_{1}\geq l_{2}$
Lemma 2.3 $lev(B_{1}\otimes B_{2})=l_{1}$ Remark 22(ii)
$\langle c, \lambda\rangle\geq l_{1}$ $\lambda\in P_{c\iota}+$ $\epsilon(b_{1})\leq\lambda$ $b_{1}\in B_{1}$
$\circ\langle c, \varphi(b_{1})\rangle\geq l_{1}\geq l_{2}$ $\epsilon(b_{2})\leq\varphi(b_{1})$ $b_{2}\in B_{2}$
(5) $b1,$ $b2$ \’ei $(b_{1}\otimes b_{2})=\in(b1)\leq\lambda$
$\varphi$ (6) $B_{2}\otimes B_{1}(\simeq B_{1}\otimes B_{2})$
2.4 Category $C^{h}$
crystal $B$ $b$ . $\tilde{e}_{i}b=0(\forall i\in I)$ highest weight element
Definition 2.5. regular P-weighted crystal $B$ cate-
gory $C^{h}(I, P)$ ( $C^{h}$)
$b\in B$ $b’=\tilde{e}_{i_{1}}\cdots\tilde{e}_{i\iota}b\in B$ highest weight element
$l\geq 0,$ $i_{1},$ $\cdots,$ $i_{l}\in I$
$C^{h}(I, P)$ tensor category
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Proposition 26([KMNI] Proposition 2.4.4). $C^{h}(I, P)$
highest weight $\lambda$ integrable highest weight $U_{q}(\mathfrak{g})-modu\iota_{e}$
crystal $B(\lambda)(\lambda\in P^{+})$
$O$ $C^{h}(I, P)$ $O$ highest weight element






Lemma 2.7. $B_{1},$ $B_{2}$ weighted crystal $b_{1}\otimes b_{2}\in B_{1}\otimes B_{2}$
highest weight element $\rfloor$ $b_{1}$ highest weight element
$\tilde{e}_{i}^{(h_{i},\mathrm{w}t\rangle+}b_{1}1b2=0,$
$\forall i$
$O$ $C^{h}(I, P)$ lemma
$(B(\lambda)\otimes O)_{0}$ $arrow$ $O^{\leq\lambda}:=$ { $b\in O|\tilde{e}_{i}^{\langle\rangle+1}bh_{i},\lambda=0$ for any $i$ }




$B_{1}\not\geq B_{2}$ finite crystal (8) $b_{1}\otimes b_{2}\in B_{\iota}\otimes B_{2}$
$\tilde{b}_{2}\otimes\tilde{b}_{1}\in B_{2}\otimes B_{1}$ energy function $H:B_{1}\otimes B2arrow \mathbb{Z}$
$i$ $\tilde{e}_{i}(b_{1}\otimes b_{2})\neq 0$ $b_{1}\otimes b_{2}\in B_{1}\otimes B_{2}$
$H(\tilde{e}_{i}(b_{1}\otimes b_{2}))$ $=H(b_{1}\otimes b_{2})+1$ if $i=0,$ $\varphi \mathrm{o}(b1)\geq\epsilon_{0}(b_{2})$ ,
$\varphi_{0}(\tilde{b}_{2})\geq\epsilon_{0}(\tilde{b}1)$ ,
$=H(b_{1}\otimes b_{2})-1$ if $i.=0,$ $\varphi 0(b1)<\epsilon_{0}(b_{2})$ ,
$\varphi_{0}(\tilde{b}_{2})<\epsilon_{0}(\tilde{b}_{1})$ ,
$=H(b_{1}\otimes b_{2})$ otherwise. (9)
$B_{1}\otimes B_{2}$ $H$
$H_{B_{1}B_{2}}$ [KMNI] Section 4
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$H_{BB}((b_{1}\otimes b_{2})\otimes(b_{1}’\otimes b_{2}’))$ $=$ $H_{B_{1}B_{2}}(b_{1}\otimes b_{2})+H_{B_{1}B_{1}}(\tilde{b}_{1}\otimes b_{1}’)$
$+H_{B_{2}B_{2}}(b_{2}\otimes\tilde{b}_{2}’)+H_{B_{1}B_{2}}(b_{1}’\otimes b_{2}’)$
$\tilde{b}_{1},\tilde{b}_{2}’$
$B_{1}\otimes B_{2}$ $\simeq$ $B_{2}\otimes B_{1}$
$b_{1}\otimes b_{2}$ $rightarrow$
$\tilde{b}_{2}\otimes\tilde{b}_{1}$
$b_{1^{\otimes b_{2}}}’’$ $\vdasharrow$ $\tilde{b}_{2^{\otimes\tilde{b}}}^{\prime;}1$
Proof. $c_{1}\otimes c_{2}\otimes c_{1}’\otimes c_{2}’=\tilde{e}_{0}(b_{1}\otimes b_{2}\otimes b_{1}’\otimes b_{2}’)$ $\tilde{c}_{1}$
$c_{1}\otimes c_{2}\otimes c_{1}’\otimes c_{2}’=(\tilde{e}_{0}b_{1})\otimes b_{2}\otimes b_{1}’\otimes b_{2}’(\neq 0)$
$H_{BB}((c_{1}\otimes c_{2})\otimes(c_{1}’\otimes C_{2}’))-H_{BB}((b_{1}\otimes b_{2})\otimes(b_{1}’\otimes b_{2}’))$
$=$ $(H_{B_{1}B_{2}}(c1\otimes C2)+H_{BB_{1}}(1\tilde{c}_{1}\otimes C’)1+HB2B_{2}(_{C\otimes}2\tilde{C}’2)+H_{BB_{?}}.(_{C_{1^{\otimes C’}2}’}1))$
$-(H_{B_{12}}B(b_{1}\otimes b_{2})+H_{B_{1}B_{1}}(\tilde{b}_{1}\otimes b_{1}’)+H_{B_{2}B_{2}}(b_{2}\otimes\tilde{b}_{2}’)+H_{B_{1}B_{2}}(b_{1}’\otimes b_{2}’))$
LHS $=1$ RHS $=$
$(H_{B_{1}B_{2}}(C_{1^{\otimes}2}c)-H_{BB_{2}}(1b_{1^{\otimes}}b_{2}))+(H_{B_{1}B_{\text{ }}}(\tilde{c}_{1}\otimes b/)1-H_{B_{1}B_{1}}(\tilde{b}_{1}\otimes b_{1}’))$
$\circ$
1. $\tilde{c}_{2}\otimes\tilde{c}_{1}=\tilde{e}_{0}(\tilde{b}_{2}\otimes\tilde{b}_{1})=(\tilde{e}_{0}\tilde{b}_{2})\otimes\tilde{b}_{1}$
$\tilde{e}_{0}(b_{1}\otimes b_{2})=(\tilde{e}_{0}b_{1})\otimes b_{2}=c_{1}\otimes c_{2}$ $H_{B_{1}B_{2}}(c_{1}\otimes c_{2})-H_{BB_{2}}1(b_{1}\otimes b_{2})=$
$1$ $\tilde{c}_{1}=\tilde{b}_{1}$ RHS $=10$
2. $\tilde{c}_{2}\otimes\tilde{c}_{1}--\tilde{e}0(\tilde{b}_{2}\otimes\tilde{b}_{1})=\tilde{b}_{2}\otimes(\tilde{e}_{0^{\tilde{b}_{1})}}$
$H_{B_{1}B_{2}}(c_{1}\otimes c_{2})-H_{B_{1}B_{2}}(b_{1}\otimes b_{2})=0$ $\tilde{e}_{0}(b_{1}\otimes$
$b_{2}\otimes b_{1}’)=(\tilde{e}_{0}(b_{1}\otimes b_{2}))\otimes b_{1}’$ $\tilde{e}_{0}(\tilde{b}_{2}\otimes\tilde{b}_{1}\otimes b_{1}’)=(\tilde{e}_{0}(\tilde{b}_{2}\otimes\tilde{b}_{1}))\otimes b_{1}’=$
$\tilde{b}_{2}\otimes(\tilde{e}_{0^{\tilde{b}_{1})}}\otimes b_{1}’$ $\tilde{e}_{0}(\tilde{b}_{1}\otimes b_{1}’)=(\tilde{e}_{0}\tilde{b}_{1})\otimes b_{1}’=\tilde{c}_{1}\otimes b_{1}’$ $\text{ }$
$H_{B_{1}B_{1}}(\tilde{c}_{1}\otimes b_{1}’)-H_{B_{1}B_{1}}(\tilde{b}_{1}\otimes b_{1}’)=1$ RHS $=1_{0}$
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3.2 Path $P(p, B)$
fiinite crystal $B$ path $\mathcal{P}(p, B)$
Definition 3.2. $B$ $p=\cdots\otimes b_{j}\otimes\cdots\otimes b_{2}\otimes b_{1}$
1 . $b_{j}\in B_{\min}$ ,
2. $\varphi(b_{j+1})=\epsilon(b_{j})$ for any $j\geq 1$ ,
2 reference path
Definition 3.3. reference path $p=\cdots\otimes b_{j^{\otimes}1}\ldots\otimes b_{2}\otimes \mathrm{b}$ .
$P(p, B)$
$P(p, B)=$ {$p=\cdots\otimes b_{j}\otimes\cdots\otimes b_{2}\otimes b_{1}|b_{j}\in B,$ $b_{k}=b_{k}$ for $k\gg 1$ }.
$P(p, B)$ $p=\cdots\otimes b_{j}\otimes\cdots\otimes b_{2}\otimes b_{1}$
$b_{k}$ $p(k)_{\text{ }}$ . . $\otimes b_{k+2}\otimes b_{k+1}$ $p[k]$
Definition 3.4. $E:P(p, B)arrow \mathbb{Z},$ $W:\mathcal{P}(p, B)arrow P$
$E(p)$ $=$ $\sum_{j=1}^{\infty}j(H(p(j+1)\otimes p(j))-H(p(j+1)\otimes p(j)))$ ,
$W(p)$ $=$ $\varphi(p(1))+\sum_{=j1}(_{W}tp(j)-W\infty\iota p(j))-E(p)\delta$.
$E(p)$ $P$ $\text{ }$ $W(p)$ $P$
$W$ $\prime p(p, B)$
Theorem 3.5 ([HKKOT] Thorem 37). rank $\mathfrak{g}>2$ $P(p, B)$
$C^{h}$
reference path $P$ highest weight
element Proposition
$\prime p(p, B)$ highest weight elements
Proposition 36.
$P(p, B)0=$ {$p\in \mathrm{p}(p,$ $B)|p(j)\in B_{\min},$ $\varphi(p(j+1))=\epsilon(p(j))$ for $\forall j$ }.






$\varphi(p[m])=\varphi(b_{m+1})$ Lemma 27 $p[m]$ highest weight
element $\epsilon(b_{m})\leq wtp[m1=\varphi(p[m])=\varphi(b_{m+1})$
$m+1$ (i) $m$ (i)
(ii) (6)
Corollary 3.7. $p\in \mathrm{p}(p, B)_{0}$ $Wtp[j]=\varphi(P(j+1))$
3.3 Restricted paths
$W(p)\in P$ $wi$ : $P(p, B)arrow P_{cl}$ $wtp= \varphi(P(1))+\sum_{j=1}^{\infty}(w\mathrm{f}_{P}(j)-$
$wtp(i))\in P_{cl}$ $\circ$
$B$ finite crystal, $p\in\cdots B\otimes B$ reference path $\lambda\in P_{c\iota}^{+},$ $p\in$
$P(p, B)$ { $\lambda_{j}(p)\in P_{C\iota\}}j\geq 0$
$\lambda_{j}(p)=\lambda+1vtp[j]$ (10)
Defiinition 3.8. $\lambda\in P_{cl}^{+}$ $P(p., B)$ $P^{(\lambda)}(p, B)$
$\mathcal{P}^{(\lambda)}(p, B)=$ {$p\in \mathrm{p}(p,$ $B)|\tilde{e}_{i}^{\langle h_{i},\lambda_{j}}p((p)\rangle+1j)=0$ for $\forall i,j$ }.
$P^{(\lambda)}(p, B)$ restricted path
Proposition 39. $\lambda\in P_{c\iota}+$
$P(p, B)^{\leq}\lambda \mathrm{p}=(\lambda)(p, B)$
Proof. $P=\cdots\otimes b_{j}\otimes\cdots\otimes b_{1}\in P(p, B)^{\leq\lambda}$ $u_{\lambda}\otimes p$
highest weight element Lemma 27 $u_{\lambda}\otimes p[j]\otimes b_{j}$
highest weight element Lemma 27 – $\epsilon(b_{j})\leq$
$\mathrm{w}t(u_{\lambda}\otimes p[j])=\lambda_{j(}p)$ $p\in P^{(\lambda)}(p, B)$
$p=\cdots\otimes b_{j}\otimes\cdots\otimes b_{1}\in P^{(\lambda)}(p, B)$ $\epsilon(p[j])\leq\lambda$ $j$
$j$ $\epsilon(p[j])=\epsilon(P[j])=0$
(5) $\epsilon(b_{j})\leq\lambda_{j}(p)$
$\epsilon_{i}(p[j]\otimes b_{j})$ $=$ $\max(\epsilon_{i}(p[j]), \langle wtp[j], hi\rangle+\epsilon_{i}(b_{j}))$
$\leq$ $\max(_{\mathcal{E}_{i}(p[j}]),$ $\langle\lambda_{j()w}p-tp[j], hi\rangle)$




$\lambda_{j}(p)\in P_{d}^{+}$ level $\langle c, \lambda\rangle+\mathit{1}e\gamma B$
Section 2.4 , Theorem $3.5_{\text{ }}$ Proposition 39
Theorem 3.10 ( ). $B,$ $B^{\uparrow}$ finite crystal, $P\in$ $B\otimes B,$ $p^{\uparrow}\in$
$B\dagger\otimes B^{\uparrow}$ reference path \mbox{\boldmath $\lambda$}\in P
$P(p, B)_{0}$ $arrow$ $P^{(\lambda)}(p^{\uparrow}, B^{\uparrow_{)}}$ (11)
$p$ $\vdasharrow$
$p^{\uparrow}$
$W(p)=\lambda+W(p\uparrow)$ $P$ -weighted crystals
$\mathcal{P}(p, B)\simeq B(\lambda)\otimes P(p^{\dagger}, B^{\dagger})$.
$0$ integrable highest weight $U_{q}(\mathfrak{g})$ -module crystal
highest weight element (11)
4
Theorem 3.10 integrable highest weight $U_{q}(\mathfrak{g})$ -module
4.1 $B$ perfect crystal
$B$ level $l$ pefect $U_{q}(\mathfrak{g})$ -crystal $\lambda\in(P_{cl}^{+})_{t}$
$\varphi(p^{(\lambda)})=\lambda$ reference path $p^{(\lambda)}\in\cdots\otimes B\otimes B$ 1
Proposition 3.9 $P(p^{(\lambda)}, B)_{0}=\{p^{(\lambda)}\}$ - $B^{\mathrm{t}}=\{b\}$
1 crystal $\tilde{e}_{i}(b)=\tilde{fi}(b)=0$
finite crystal $\varphi(b)=\epsilon(b)=0$ $p^{\uparrow}=\cdots\otimes b\otimes b$ reference
path $W(p^{\dagger})=0$ $P(p^{\dagger}, B^{\{})=P^{(\lambda)}(p\mathrm{t}, B\dagger)=\{p^{\uparrow}\}$
(11) map $p-t_{P^{\uparrow}}$ Theorem
3.10
$P(p^{(\lambda)}, B)\simeq B(\lambda)\otimes P(p^{\uparrow}, B^{\dagger})\simeq B(\lambda)$ (12)
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4.2 $\mathfrak{g}=A_{n}^{(1)}-1’ B=B_{l}\otimes B_{m}$
$\mathfrak{g}=A_{n-}^{(1)}1$ $\circ B_{l}$ $U_{q1}’(A_{n}^{(\iota)}-)$ l- symmetric tensor repre-
sentation crystal $\circ$
$B_{\iota}= \{(a_{0}, a1, \cdots, a_{n-1})|a_{i}\in \mathbb{Z}_{\geq 0}, \sum_{i=0}an-1i=\iota\}$
$a_{i+n}=a_{i}$ $a_{i}$
$i$
$(a_{i})$ $(a_{0}, a_{1}, \cdots, a_{n-1})\in B_{\iota},$ $(l= \sum_{i^{-}0}n1)=a_{i}$




$\delta_{ij}^{(n)}=1$ ( $i\equiv j\mathrm{m}\mathrm{o}\mathrm{d} n$ ), $=0$ ( )
$0$
$\epsilon,$ $\varphi$
$\epsilon((a_{i}))=\sum_{i=0}^{n-1}a_{i}\Lambda_{i}$ , $\varphi((a_{i}))=\sum_{i=0}^{n-1}a_{i1}-\Lambda_{i}$ .
$B_{l}$ level $l$ perfect crystal $B_{l}$
minimal $\circ P_{d}$ $\mathrm{Z}$-linear automorphism $\sigma\Lambda_{i}=\Lambda_{i-1}(\Lambda_{-1}=\Lambda_{n-1})$
$B=B_{l}\otimes B_{m}(l\geq m)\text{ }B\dagger=B_{m}$ Theorem 3.10
Theorem 4.1.
$P(p^{(\mu)}, B_{\iota}\lambda,\otimes B_{m})\simeq B(\lambda)\otimes B(\mu)$ as $P$ -weighted crystals.
$B$ perfect crystal finite crystal Lemma 2.3
(1) $l$ $\circ$ 2 dominant integral weight
$\lambda=\sum_{i=0}^{n-1}\lambda_{i}\Lambda_{i}\in(P_{d}^{+})_{l-}m’\mu=\sum_{i=0}n-1\Lambda\mu_{i}i\in(P_{d}^{+})_{m}$ path $p^{(\lambda,\mu)}$
$p^{(\lambda,\mu)}(j)=(\lambda_{i+jj}+\mu_{i}+2)\otimes(\mu i+2j-1)\in B$
Lemma 23(2) $p^{(\lambda,\mu)}(j)\in B_{\min}$ (5) $,(6)$
$\epsilon(P^{(\lambda,\mu)}(j))=\sigma\lambda j+\sigma^{2}\mu=j\varphi(p^{(\lambda}’(\mu)j+1))$ $p^{(\lambda,\mu)}$
reference path
Proof of Thorem 4.1 (12) $P$-weighted crystal
$’\rho(p(\lambda,\mu),$ $B)\simeq B(\lambda)\otimes \mathcal{P}(p, B)(\mu)\dagger$ (13)
28
$p^{(\mu)}(j)=(\mu_{i+j})$



















$P^{\dagger}\in P^{(\lambda)}(p,$$B(\mu)\dagger)$ \epsilon (p\dagger ( ) $\leq$
$\lambda_{j}(P)\dagger$ $i$ $b_{i-j+1}^{(j)}\leq a_{i-j}^{(j)}$
(15) (i) $wtp[i]=$
$\varphi(p(j+1))=\sum_{i}a_{i}^{(j)}\mathrm{A}7$ (ii)




$B_{\mathrm{t}}\otimes B_{m}\simeq B_{m}\otimes B_{l}$ $(a_{i})\otimes(b_{i})$ $(b_{i+1})\otimes$
$(a_{i^{-b}i+}1+b_{i})$ $[\mathrm{N}\mathrm{Y}]_{0}$ Proposition 3.1
$H_{BB}(((a_{i})\otimes(b_{i}))\otimes((a_{i}’)\otimes(b_{i}’)))=b_{0}+a_{0}’+b_{0}’+H_{B\dagger B\dagger}((b_{i})\otimes(b_{i+1}’))$
$H_{B_{m}B_{m}}$ (cf. [KKM] Section 5.1).
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